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1. Introduction. In [14] [15] [16] [17] [18] Yokoi studied what he called p-invariants for certain real quadratic fields. It is the purpose of this paper to give a complete generalization of these results to arbitrary real quadratic fields. Moreover, the results herein allow us to generalize (and simplify the proofs of) other results of Yokoi [19] - [20] , including two statements equivalent to the general Gauss conjecture concerning an infinitude of real quadratic fields of class number h(d) = 1 for Q( √ d). We give bounds on the fundamental unit when our n d (see §3) for Q( √ d) is non-zero; and we use it to show that in this case there are only finitely many such d with h(d) = 1. This allows us then to reformulate the Gauss conjecture. Moreover, we prove that when n d = 0 then the Artin-AnkeyChowla conjecture and the Mollin-Walsh conjecture hold. We also show how these results have applications for certain norm form equation solutions, and we provide examples. Furthermore, we show how certain conditional results of Yokoi which he showed to hold for all but finitely many values, in fact hold for all values. Finally, we actually list all h(d) = 1 (with one possible exception) when n d = 0 (see §3). This completes the task begun by Yokoi [17] - [18] .
2. Units. We begin with a motivation for the generalization (beyond a mere generalization of Yokoi's special prime case of p-invariants). In what
Throughout the paper , d will be a positive square-free integer.
The following generalizes [20, Theorem 2, . In what follows, an ERD-type (Extended Richaud-Degert type, see [2] , [12] and [4] [5] [6] [7] [8] [9] [10] ) is of the form d = l 2 + r where 4l ≡ 0 (mod r).
) is prime and a 2 + 4 = bp 2 with p being the smallest positive integer such that the latter occurs.
is either ε d or a power of it. However, choosing p as the smallest value with a 2 + 4 = bp
In [20] Yokoi proved that the result held for all but finitely many d. What the above shows is that a proper choice of p forces that finitely many to be zero. In a similar fashion we could generalize [19, Theorem 1, p. 109 ].
Now we show that the converse of Theorem 2.1(1) fails without uniqueness.
We have N (ε 77 ) = 1, ε 77 = (9 + √ 77)/2, and R e m a r k 2.1. If we choose u to be the smallest positive value such that This motivates the following.
3. Generalized Yokoi p-invariants. The following generalizes Yokoi's special case of p-invariants for primes p ≡ 1 (mod 4) which he explored in [14] [15] [16] [17] [18] . We shall have occasion to generalize all of these results while at the same time simplifying the proofs. Set Let n d be the nearest integer to B; i.e.,
(where [x] is the greatest integer less than or equal to x. Note that B − [B] can never be 1/2). Set
d . An easy check shows that in the case where p = d ≡ 1 (mod 4) is prime they reduce to Yokoi's concept of p-invariants. Moreover, our definition is more explicit and revealing, which will allow us to provide simplified proofs (over that of Yokoi) in our more general case.
First we generalize the main results of Yokoi in [14] . Moreover, Theorem 3.1 (2) shows that Yokoi's claim that it holds for all but finitely many d is in fact true but with the finitely many being 0. (
for which the theorem trivially holds) we get u
We get as an immediate result
We may now use the above to prove 1 we have log ε d < log(8d/σ 2 ); i.e., we have a bound for the regulator which allows us to invoke the result of Tatuzawa [13] in the same fashion as we did in [8] . A similar argument to that in [8] yields that only finitely many d have h(d) = 1.
The above generalizes results of Yokoi [14] and [16] [17] [18] . The following generalizes Yokoi [14] . 2 + r where |r| ∈ {1, 4} by [2] and [12] . This case, and the general ERD case in fact, were handled in [8] .
There exist infinitely many real quadratic fields The following result is proved in [4] . B is as defined above.
Lemma 3.1. If there is a nontrivial solution to
Theorem 3.6. Let p d be the least prime which splits in Q( R e m a r k 3.1. We found all (except possibly one value) h(d) = 1 for the more general ERD-types in [8] . We already know from Theorem 3.3 that when n d = 0 there are only finitely many d with h(d) = 1. In the case n d ≥ ( √ d − 1)/2 we found the finitely many in [10] , with one possible exception. Moreover, given the results in [7] and [9] - [10] , this possible exceptional value would be a counterexample to the Riemann hypothesis. 
P r o o f. Clearly there is a nontrivial solution to
. R e m a r k 3.2. If h(d) = 1 in Theorem 3.9 then we note that we have found all such d (with one possible exception) in [8] . Moreover, it is well known (e.g. see Hasse [3] ) that if h(d) is odd and d is not prime with d ≡ 1 (mod 4) then d must equal pq with p ≡ q ≡ 3 (mod 4). We already know that since the hypothesis of Theorem 3. . Moreover, the following proof is more revealing as we shall illustrate.
where all proper divisors of m divide d.
. (Note that in the case p = σ = 2, we cannot have t d ≡ 0 (mod 4) and u d ≡ 2 (mod 4) since that would imply that −1 ≡ (u d /2) 2 (mod 4).) Hence, whenever p properly
In the proof of Proposition 3.1 we see the importance of t d ± σ when N (ε d ) = 1. We can use it to generalize [1, Theorem 7, p. 188] for example. 
) must have divisors which divide d; i.e., (α) must be an ideal containing only the ramified primes ℘ i where
where ∼ denotes equivalence in the class group. Thus x 2 − dy 2 = ±4p 3 has a solution.
The above result has a more general formulation and a simple proof based upon continued fractions. (However, we do not get the generator α out of it.)
First we need some notation. Let
and let k be the period length of the continued fraction expansion of P r o o f. Since N (ε d ) = 1 it is well known (e.g. see [9] ) that the period of w d must be even. Thus P k/2 = P k/2+1 so by the preamble to the proposition
so (Q k/2 /2) | d. Clearly Q k/2 = 2 and Q k/2 /2 = d. The result now follows from the fact that the principal reduced ideals have norm Q i /2 for some i (e.g. see [9] In Table 3 .1 we list all h(d) = 1 (with one possible exception) when n d = 0. This completes Yokoi's result (where he assumed d to be a prime congruent to 1 modulo 4). Here we used the techniques of [8] and the bound in Corollary 3.1.
